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Abstract 



We consider the conformal group of the unit sphere S"~^, the so-called proper 
Lorentz group Spin"'"(l, n), for the study of spherical continuous wavelet transforms 
(CWT). Our approach is based on the method for construction of general coher- 
ent states associated to square integrable group representations over homogeneous 
spaces. The underlying homogeneous space is an extension to the whole of the group 
Spin+(l,n) of the factorization of the gyrogroup of the unit ball by an appropriate 
gyro-subgroup. Sections on this homogeneous space are constituted by rotations of the 
subgroup Spin(n) and Mobius transformations of the type ipa{x) — (a: — a)(l-|- ax)~^, 
where a belongs to a given section on a homogeneous space of the unit ball. This 
extends in a natural way the work of Antoine and Vandergheynst to anisotropic con- 
formal dilations. 
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1 Introduction 



In the last decade there has been a growing interest in wavelet theory on the unit sphere 
for an efficient analysis of spherical data. Several wavelet transforms on the sphere have 
been proposed in recent years and their performance depends on the application. In 
1995, Schroder and Sweldens [28] describe an orthogonal wavelet transform on the sphere 
based on the Haar wavelet function but this construction is limited to the Haar func- 
tion. Holschneider [21] was the first to build a genuine spherical CWT, but it contains a 
parameter that although interpreted as a dilation parameter it is difficult to compute. A 
satisfactory approach was obtained by Antoine and Vandergheynt [8],[9] building a rigorous 
spherical CWT based on a group theoretical approach. Using appropriate combinations of 
spherical harmonics, Preeden et al. [I8] defined approximation kernels and introduced a 
discrete wavelet transform through a kind of multiresolution on S"^ on the Fourier domain. 
As demonstrated in Antoine et al. the approximation scheme of Preeden et al. [18] can 
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be realized in the general continuous wavelet theory, based on group-theoretical considera- 
tions. Many other papers [HI [21] describe applications of spherical wavelets for detection 
of non-Gaussianity in Cosmic Microwave Background (CMB). These works have been ex- 
tended to directional wavelet transforms [Jl |22l [23l |25] . All these new continuous wavelet 
decompositions are interesting for data analysis. Recently, new multiscale transforms were 
introduced on the sphere based on curvelets and ridgelets [U [2] with applications to de- 
noising and filtering methods. It is visible a growing interest in directional or anisotropic 
wavelets on the sphere. The anisotropic dilation operator introduced in Hobson et al. [22] 
and used in Frossard et al. [20] allows the construction of anisotropic wavelets through 
dilations in two orthogonal directions. However, in this anisotropic setting, a bounded 
admissibility integral cannot be determined (even in the plane) and thus the synthesis of a 
signal from its coefficients cannot be performed. This is a direct consequence of the absence 
of a group structure and an easy evaluation of the proper measure in the reconstruction 
formula. However, in our approach we are able to derive anisotropic conformal dilations 
from Mobius transformations, which are natural transformations on the unit sphere and, 
hence, to construct anisotropic spherical CWT using group theory. Our anisotropic dila- 
tion operator is clearly different of the one defined in [22] since it depends on the section 
chosen on an appropriate homogeneous space of the unit ball. Thus, a whole family of 
anisotropic dilation operators can be defined and used in signal processing on the unit 
sphere. 

The construction of integral transforms related to group representations on L^— spaces 
on manifolds is a non-trivial problem because the square integrability property may fail 
to hold. For example, in the case of the unit sphere S^~^ there are no square integrable 
unitary representations on L'^{S'^~^) for n > 3, [29j. A way to overcome this fact is to make 
the group smaller, i.e., to factor out a suitable closed subgroup H and to restrict the repre- 
sentation to a quotient X = G/H. This approach was successful realized in the case of the 
unit sphere [H[9]. The authors used the conformal group of S"'~^, the connected component 
of the Lorentz group SOo{l,n) and its Iwasawa decomposition, or /CAA^— decomposition, 
where K is the maximal compact subgroup SO{n), A = 50(1, 1) = (M;^, x) is the sub- 
group of Lorentz boosts in the x„— direction and A^ = M*^"^ is a nilpotent subgroup. 
The homogeneous space X = SOo{l,n)/N = SO{n) x R;^ gives rise to the parameter 
space of the isotropic spherical CWT. This approach is restricted to pure dilations on the 
unit sphere, according to the inverse stereographic projection of dilations from the plane 
to the sphere [U [12]. However, as we will show in this paper, the spherical CWT can 
be extended to anisotropic conformal dilations, while preserving the main properties of 
square-integrability and invertibility. Our approach allow us to connect the geometry of 
conformal transformations on the sphere with wavelet theory. 

In our paper [12] we used rotations of the group Spin(n) and Mobius transformations 
of the form ipa{x) = (x — a)(l -|- ax)~^, a G 5", being -B"" the open unit ball in M", as 
the basic and natural transformations for building a CWT on the sphere. In this paper we 
will make a rigorous construction of spherical continuous wavelet transforms on the unit 
sphere arising from sections of the Lorentz group Spin"'"(l, n). In physics, the Lorentz group 
is the classical setting for all (nongravittional) physical phenomena. The mathematical 
form of the kinematical laws of special relativity. Maxwell's field equations in the theory 
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of electromagnetics and Dirac's equation in the theory of the electron are each invariant 
under Lorentz transformations. In pure mathematics, the restricted (or proper) Lorentz 
group arises as the Mobius group, which is the symmetry group of conformal geometry 
on the Riemann sphere. Clifford algebra provides an easy identification of the proper 
Lorentz group with the group Spin"'"(l, n), which is a double covering group of 50o(l,n) 
[3l[l7lll3]. It can be decomposed by the Cartan decomposition KAK, where K = Spin(n) 
and AK = B^. Thus, the unit ball encodes all the necessary information for the study 
of dilations on the unit sphere, through Mobius transformations of type (pa{x). This rests 
on the study of the properties of spherical caps under the action of Mobius transformations 
|12| . which is in the spirit of the Erlangen program of F. Klein, the study of the invariants 
of a given geometry. It is also well-known that the group of projective transformations of 
the unit ball describes relativistic dynamics of some physical phenomena |19| . 

The paper is organized as follows. In Section 2 we present the notions of Clifford 
algebras needed to the readability of the paper. More details on this topic can be found 
e.g. in Delanghe et al. [16] and Cnops [13]. In Section 3 we describe the proper Lorentz 
group Spin"'"(l,n) in the framework of Clifford algebra and we introduce the structure of 
gyrogroup necessary to the description of the gyrogroup of the unit ball {B'"', ©). In Section 
4 we factorize the gyrogroup {B^,(B) by the gyro-subgroup (Dg"^,©) and we construct 
sections for the respective homogeneous space which are extended to the whole of the 
group Spin"'"(l, n). In Section 5 we derive the generalized (anisotropic) spherical CWT and 
in Section [6] we discuss its anisotropy and covariance properties. 

2 Preliminaries 

Let ei,...,en be an orthonormal basis of M". The universal real Clifford algebra CZo,n 
is the free algebra over M" generated modulo the relation x"^ = — for x G M". The 
non-commutative multiplication in C/o,n is governed by the rules 

eiCj + ejCi = -26ij, G {1, . . . ,n}. 

For a set ^ = {ii, . . . , ik} C {1, . . . , n}, with 1 < ii < . . . < < n, let = ei^Si^ ' " ^ik 
and 60 = 1. Then {ca : ^ C {1, . . . ,n}} is a basis for C/o,n- Thus, any a G C/o,n may be 
written as a = YIa'^^^^^ with a^^ G M or still as a = X]fc=o['^]fc' where [a]^ = Yl\A\=k'^A^A 
is a so-called k-vector {k = 0, 1, ... , n). We can identify a vector x = (xi, . . . , Xn) G M" 
with the one- vector x = ^j=i xjej. 

The product of any two vectors (or geometric product) is given by 

xy = - {x,y) + X Ay 

where 

m ^ 

and ^ 

xAy = '^{xiyj - Xjyi)eij = -{xy - yx) 

i<j 
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are the scalar (or symmetric) part and the bivectorial (or antisymmetric) part of the 
geometric product, respectively. 

There are two linear anti-automorphisms * (reversion) and ~ (conjugation) and an 
automorphism ' of CZo,n defined on its basis elements eA = " ' ^ik^ t)y the rules: 

fc(fe-l) k(k+l} , , 

{eAT = {-l) — eA, el = (-1) — e^, e'^ = (-l)'=eA. 

Thus, we have (06)* = b*a*, ab = ba and (ab)' = a'b', for any o, 6 G CZo,n- In particular, 
for vectors x = x' = —x and x* = x. Each non-zero vector x £ M" is invertible with 
'■= j^- Finite products of invertible vectors are invertible in C^o.n and form the 
Clifford group T{n) [13]. Elements a £ r(?7,) such that aa = ±1 form the Pin(n) group - the 
double cover of the group of orthogonal transformations 0{n), and elements a G r(n) such 
that aa = 1 form the Spin(n) group - the double cover of the group of special orthogonal 
transformations SO{n). For each s € Spin(n), the mapping Xs '■ 1^" ^"^jXsix) = sxs 
defines a rotation. As ker^ = {—1,1} the group Spin(n) is a double covering group of 
SO{n). 

In Clifford algebra the group of Mobius transformations in M" can be described by 

2 X 2— matrices with entries in T{n) U {0}, forming the group r(l,n -|- 1) [31 113]. 

Theorem 1 (Vahlen IIEI, 1904/ Alfhors f^, 1986) A matrix ^ = ( ^ d ) represents a 
Mobius transformation in M" if and only if 

1. a,b,c,de r(n) U{0}; 

2. ab*,cd*,c*a,d*b G M"; 

3. the pseudodeterminant of A, A = ad* — be*, is real and non zero. 

For a matrix A fulfilling the conditions of Theorem [1] we can define the respective 
fractional linear transformation of M ( here M denotes the compactification of M" by 
the point at infinity) given by y = {ax + b){ex + d)~^ . Thus, we have the analogy with 
fractional-linear transformations of the complex plane C. Due to the non-commutative 
character of Clifford algebras, xy"^ ^ y"^x in general. From now on we identify ei, . . . , e„ 
with the canonical basis in M". 

3 The proper Lorentz group Spin+(l,n) 

The full Lorentz group G = SO{l, n) consists of linear homogeneous transformations of the 
(n -|- 1)— dimensional space under which the quadratic form |xp = Xq — |xp, is invariant, 
where x = (xo,x) and x = (xi, . . . , Xn). Here we identify xq with the time component 
and the n— vector x = (xi, X2, . . . , x„) with the spatial component. The group of all 
Lorentz transformations preserving both orientation and the direction of time is called 
the proper orthochronous Lorentz group and it is denoted by SOo{l,n) or sometimes by 
SO~^{l,n). It is generated by spatial rotations of the maximal compact subgroup K = 
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SO{n) and hyperbolic rotations of the subgroup A = SO{l, 1), accordingly to the Cartan 
decomposition KAK of 50o(l,n) (see [29ll34| ). 

The group SOo{l,n) is connected and locally compact. The coset space X = SOo{l,n)/ K 
is the Lobachevsky space of dimension n. It can be realized in various manners, e.g. by 
the upper sheet of the hyperboloid = {x = {xq,x) : Xq — la;^ = 1, > 0} or by the 
unit ball i3" = {x £ M" : |x| < 1}. However, for our purpose, we shall use throughout this 
paper this last realization. 

The double covering group of SOo{l,n) is the group Spin"'"(l, n). In Clifford algebra it 
can be described by Vahlen matrices [31 [131 [2^. These matrices can be decomposed into 
the maximal compact subgroup Spin(n) and the set of Mobius transformations of the form 
ipa{x) = (x— a)(l+ax)~^, a S 5"", which map the closed unit ball onto itself. These are 
the multi-dimensional analogous transformations of the well known Mobius transformations 
of the complex plane (pu{z) = jE^,u G D, which maps the unit disc D = {z G C : \z\ < 1} 
onto itself. 

Mobius transformations ifaix) can also be written as 

(1 - |op)x-(l + |a:p- 2 (a,x))a 
^"^"^^ = l-2(a,x) + |aP|xP ' 

from which we derive its real components. 

The composition of two Mobius transformations of type JT]) is (up to a rotation) again 
a Mobius transformation of the same type: 

{ifa o ipb){x) = q^(i-ah)-^a+b){x)q, Q = || _ e Spin(n). (2) 

Thus, we can endow the unit ball B"^ with a binary operation 

6 © a = (1 - ab)-^{a + 6) = (a + 6)(1 - ba)-^ = (/J_fc(a). (3) 

We notice that on (S",©) the neutral element is zero while each element a G i?" has an 
inverse given by the symmetric element —a. This operation is non-commutative since 

bea = q{aeb)q, q = ^ ^ G Spin(n), (4) 

\1 — ab\ 

and it is also non-associative again due to the rotation induced by q. 
Proposition 1 For all a,b,c G i?" it holds 

a® ib® c) = ia®b)® iqcq), with q=^ ^ G Spin(n). (5) 

\1 — ab\ 

Proof: By the associativity of the composition of Mobius transformations we have on 
the one hand 

{{ifc o ^b) o 'fa){x) = {{qHPb®cqi) O ^a){x) 
= qi'Pb(Bc{Va{x))qi 
= qiq2^a(B{b(Bc){x)q2qi 

= qiq2V>a(B{b(Bc){x)q^qT, 
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•,1 1-cb J l-(6©c)a 

withgi = ^3^ and 52 = ^rffee^- 
On the other hand we have 

{ipc O {ifb O ipa))ix) = {(fc o {q3^a®bq3)){x) 

= '^c{qWa(Bb{x)qs) 
= Q3^cqs{V>a®bix))q3 
= Q3q4^{a®b)®iq^cq3){x)qAq3, 

With 53 - |^_^^| and - . 

Thus, (?i(?2 = <?3<?4 and a © (6 © c) = (a © 6) © (gcg), with g = 



l-gfe 
|l-a6| ■ 



Associativity occurs only in some special cases as we can see in the next Lemma. 

Lemma 1 If a,b,c E such that a/ /b or a J- c and 6 _L c then the operation © is 
associative, i.e. 

a® {b® c) = {a®b) e c. 

Left and right cancelation laws have different properties: 
Lemma 2 For all a,b G B"- it holds 

(-6) ©(6 ©a) =a (6) 

l-ab 
\l-ab\ ■ 



(a © 6) © iq{-b)q) = a, with q = ^E^. (7) 



Thus, (5",©) does not have a classic group structure but a structure of a gyrogroup. 
This structure was introduced by A. Ungar [3H|32l[33]- Gyrogroups are special loops which 
share remarkable analogies with groups, thus generalizing the notion of group. The first 
known gyrogroup was the relativistic gyrogroup that appeared in 1988 [32]. It consists of 
the unit ball 5^ = G : \x\ < 1} with Einstein's addition of relativistically admissible 
velocities. The notion of gyrogroup appears by the extension of the Einstein relativistic 
groupoid and the Thomas precession effect (related by the rotation induced by q). The 
gyrolanguage was adopted by Ungar since 1991. It rests on the unification of Euclidean 
and hyperbolic geometry in terms of the analogies shared |31| . 



Definition 1 (fSl^) A groupoid {G, ©) is a gyrogroup if its binary operation satisfies the 
following axioms: 

(Gl) In G there is at least one element 0, called a left identity satisfying © a = a, for 
all a £ G. 

(G2) For each a £ G there is an element Qa E G, called a left inverse of a, satisfying 
©a © a = 0. 

(G3) For any a,b,c,d G G there exists a unique element gyr[a,b]c £ G such that the 
binary operation satisfies the left gyroassociative law 

a © (6 © c) = (a © 6) © gyr[a, b]c. 



6 



(G4) The map gyr[a,b] : G ^ G given by c gyr[a,b]c is an automorphism of the 
groupoid (G, ©), that is gyr[a,b] S Aut{G,(B)- 

(G5) The gyroautomorphism gyr[a,h\ possesses the left loop property 

gyr[a,b] = gyr[a ®b,b]. 

Definition 2 A gyrogroup {G, ©) is gyrocommutative if its binary operation satisfies a © 
b = gyr[a, b]{b © a), for all a,b £ G. 

Left gyrotranslations are defined by r^(6) = a©6 and right gyrotranslations by T^{b) = 
b(£) a. In a gyrogroup they have different properties. 

Proposition 2 (^31^) Let (G, ©) be a gyrogroup and let a,b £ G. The unique solution of 
the equation a® x = b in G is given by x = Qa © b, and the unique solution of the equation 
X (B a = b in G is given by x = bQ gyr[b, a]a. 

One of the most important results of this theory is that the gyro-semidirect product 
of a gyrogroup {G, ©) with a gyroautomorphism group H C Aut{G, ©) is a group |31| . In 
our case the result is stated as 

Proposition 3 The gyro-semidirect product between (B", ©) and Spin{n) is the group of 
pairs {s,a) where a G and s G Spin(n), with operation x given by the gyro-semidirect 
product 

{si,a) X {s2,b) = {siS2q,b® {s^as2)), withq = - =— \r- (8) 

|1 - S2as2b\ 

This is a generalization of the external semidirect product of groups (see [26|). We 
need to establish some properties between Mobius transformations and rotations. 

Lemma 3 For s £ Spin(n) and a £ we have 

{i) (Pa{sxs) = S(psas{x)s and {a) Sipaix)s = ipsas{sxs) . (9) 

These properties are easily transferred to the gyrogroup (S",©). 

Corollary 1 The following equalities hold 

(i) (sas) © 6 = s(a © {sbs))s and {ii) s{a © 6)s = (sas) © (s6s) . (10) 

The relation {sas) © {sb's) = s(a © 6)s defines a homomorphism of Spin(n) onto the 
gyrogroup (S",©). 

Prom the decomposition jH) we can derive the Cartan or KAK decomposition of the 
group Spin"'"(l, n), where K = Spin(n) and A = Spin(l, 1) is the subgroup of Lorentz 
boosts in the 6^— direction. 
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Lemma 4 Each a G can be written as a = srCnS, where r = \a\ G [0, 1[ and s = 
si • • • Sn-i G Spin(n) with 

Si = cos ^ + Ci+iej sin ^, i = l,...,n-l, (11) 
where < 9i < 2tt < 9i < tt, i = 2, . . . ,n - 1. 

This follows from the description of a G in spherical coordinates using the rotors 
(fTTI) . These rotors describe rotations in coordinate planes. For s = cos (|) + CiCj sin (|) , 
i / j we have 

sxs = (cos 6 Xi — sin 6* Xj)ej + (cos 6 Xj + sin 6* Xi)ej + x^efc , 

which represents a rotation of angle 6 in the ejCj— plane. In general we have SiSj ^ sjSi, 
i / j. The order of the rotors is important since different choices lead to different systems of 
coordinates. Due to the relevance of the rotor for our work we shall denote := 4). 

Lemma 5 For a G -B" as described in Lemma^ it follows 

ipa{x) = ipsre„s{x) = Sipre„isxs)s . 

Combining Lemma [5] with the rotation in decomposition ([8|) yields the Cartan decom- 
position or KAK decomposition of Spin"'"(l, n). 

For the construction of a theory of sections we need to consider some special gyro- 
subgroups. 

Definition 3 Let {G, ©) be a gyrogroup and H a non-empty subset of G. H is a gyro- 
subgroup of (G, ©) if it is a gyrogroup for the operation induced from G and gyr[a,b]c G 
Aut{H) for all a,b,c£ H. 

For a fixed uj G S""^, we consider the hyperplane H^^ = {x G M" : (u;,x) = 0}, the 
hyperdisc D^''^ = D B"^ and = {x e B"^ : x = tuj, -I < t < 1}. Using and ^ 
we derive the following gyro-subgroups. 

Proposition 4 The sets -D^"^ <^f^d endowed with the operation © are gyro-subgroups 
of[B'^,®). Moreover, {L ui,w) IS a group. 

The last property comes directly from Lemma [H The operation © in corresponds 
to the Einstein velocity addition of parallel velocities in the special theory of relativity. 
The particular group (Le„,©) is isomorphic to the Spin(l, 1) group. 
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4 Sections of the proper Lorentz group 

We want to factorize the proper Lorentz group and to construct sections on the respective 
homogeneous space. First we will study the factorization of the gyrogroup (i?",©) by the 
gyro-subgroup (D""^,©), taking into consideration only left cosets. 

Theorem 2 For each c £ B'"- there exist unique a G D'e^"^ and b £ Le„ such that c = h®a. 

Proof: Let c = (ci, . . . ,c„) G be an arbitrary point. By Lemma H] we can write 
c = s^c^'s^, with = si . . . Sn-2 G Spin(n — 1), (this rotation leaves the x„— axis invariant) 
and c=K = (0, . . . , 0, c*_^, c„), where a^_i = rsini;^ and c„ = rcos0, with r = \c\ G [0, 1[ 
and (j) = arccos(c„) € [0, vr]. 

First we prove the existence of the decomposition for c=k. If d^_i = then it suffices to 
consider a = and 6 = c=k. If c*_^ / then we consider a = Ae^-i and b = ten such that 



k*P - 1 + V'((c„ + l)2+ctj((c„-l)2 + c,t^) 



A = TT-; and t — -. (12) 

We can see that — 1 < A, t < 1. Thus, a S D'2~^ and h G Le„. Taking into account that 
a J- b, that is (a, b) = 0, we obtain 

o/(i-*'' + 



1 + XH^ ' 1 + XH^ 

Now, we prove the existence result for the arbitrary point c € B^. Considering a* = 
s,,as7 then a^: € -D""^ since the rotation induced by s=k leaves the x„— axis invariant. Thus, 
by ([To]) we have 

b © (^S^CtS^^ = Sh<((Sh<^5*) © Cl'jS^ = 5^(6 © tt)5^ = s^c^s^ = c, 

which shows that c = b(B a^: and the existence of the decomposition is proved. 

To prove the uniqueness we suppose that there exist a, d S D''^~^ and b, f £ Le„ such 
that c = fe©a = /©d. Then a = {-b) © (/ © d), by JH). As b ± d and f ± d we have 
that a = ((—6) © /) © d, by Lemma [H Since by hypothesis a,d £ D^'^, {—b) © / must 
be an element of D^~^- This is true if and only if (—6) © / = 0. This implies b = f and 
a = d © = d. 



If we consider the subgroup D^^ ^ and the relation R defined by 

yc,d£B'', cRd ^ 3a£D^-^ : c = d®a, 

then i? is a refiexive relation but it is not symmetric nor transitive because the operation 
© is neither commutative nor associative. Thus R is not an equivalence relation. However, 
an equivalence relation can be built if we have a partition of the unit ball. 

Proposition 5 The family {Si) : b G L^.^}, with Si, = {b (B a : a £ D^~^} is a disjoint 
partition of -B". 
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Proof: We first prove that this family is indeed disjoint. Let b = tie„ and c = t2en 
with ti ^ t2, and assume that SbCi Sc ^ 0. Then there exists / € such that f = h® a 
and / = c © d for some a, d € -0"^^ By (P and ^ we have a = (-6) © (c © d) = 
((-6) © c) © (gdg), with q = But q = ^ = = 1, hence a = ((-5) © c) © d. 

Then (-6) © c G D^^"^ because a, d G £>e„~^- Therefore, (-6) © c = or either 6 = c. But 
this contradicts our assumption. Finally, by Theorem [2] we have that Uh^L^^Sb = B"'. 

m 

This partition induces an equivalence relation on whose equivalence classes are the 
surfaces 5b. Two points c, d G 5" are said to be in relation if and only if there exists b G Le„ 
such that c,d£Sb, which means 

c ~; d 4^ 3b £ Le„, 3a, f £ D"^^^ : c = b®a and d = b® f. (13) 

This relation is equivalent to 

c~id 4^ 36GLe„, 3a,feD'^-^: c ® {qi{-a)qT) = d ® {q2{-f)q^), 

with qi = and q2 = ^^7^. 

Thus, we have proved the isomorphism B'^/{D^^^,r^i) = Le„- Given c G -B" we 
denote by [c] its equivalence class on B^ /{D^~^ , ~;). A natural projection can be defined 
by TT : -B" — Le„, such that 7r(c) = 5, by the unique decomposition of c G B^ given in 
Theorem [21 More generally, we have the isomorphisms ~/) = L^,uj £ S""^. 

Now, we will give a characterization of the surfaces Sb- 

Proposition 6 For each b = ten £ -^e„ the surface Sb is a revolution surface in turn of 
the Xn—axis obtained by the intersection of B'^ with the sphere orthogonal to 5""^, with 
center in the point C = (0, . . . , 0, ^-^) and radius r = 

Proof: Let b = ten £ -^e„, c = Ae„_i G D'e,^^ and 

P:-b(Bc- ^0,...,0,^—^,^—^ 

Let Cb = {b (B c : c = Ae„_i,0 < A < 1}. Each a G D^~^ can be described as a = s*cs7, 
for some c = Ae^-i and s* = si • • • s„_2 G Spin(n — 1). Then, by (fTOl) we have 

6 © (s=kCs7) = s=k((s76s=i,) © c)s7 = © c)s7. 

Thus, Sb is a surface of revolution obtained by revolution in turn of the of the arc 

Cb- The last coordinate of the surface Sb gives the orientation of its concavity. 

For all A G [0, 1[, we have ||P - C||2 = r^, with C = {0,...,0,^) and r = 
which means that the arc Cb lies on the sphere centered at C and radius r. Moreover, as 
t tends to zero the radius of the sphere tends to infinity thus proving that the surface 5o 
coincides with the hyperdisc D^~^. 

Each Sb is orthogonal to because | |C| p = l+r^. We recall that two spheres. Si and 
52, with centers mi and m2 and radii ri and T2, respectively, intersect orthogonally if and 
only if (mi — y,m2 — y) = 0, for all y G 5i n 52, or equivalently, if ||mi — m2|p = ''"1 +''"2 • 
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We can observe the projection of these orbits in the rE„_ix„— plane: 



Figure 1: Cut of the surfaces Sb, in the Xn-i2;n— plane. 

The space Y = / (D^^^ , ~i) becomes a homogeneous space endowed with the map- 
ping 

h-.B^'xY^Y, h{c, [a]) = [c © a]. (14) 

We consider Le„ the fundamental section ctq, which corresponds to the Spin(l, 1) sub- 
group. Prom Proposition [6] an entire class of sections a : B^ /{D^~^ 
B^ can be obtained from Le„ by considering 

a{ten) = ten © 5(i)e„-i = ^0, . . . , 0, Y^^^, i + i^tg{t)Y ) ' ^'^^ 

where 5 :] — 1, 1[^] — 1, 1[ is called the generating function of the section. Depending on 

the properties of the function g we can have sections that are Borel maps and also smooth 

sections. If g G C'^(] — 1, 1[), /c G N, then the section generates a C'^-curve inside the unit 

ball. For example, for each A g] — 1, 1[ if we consider g{t) = A, (t g] — 1, 1[) then we obtain 

A(l-f^) t(l+A^)' 



the family of sections (T\{t) = |^0, . . . , 0, ij^^iy^i , i+tS^ j • Another example is the family of 
sections (Tc{4>) defined for each c g] — 1, 1[ by (Tc{(I)) = (0, . . . , 0, csin (j), — cos cp), 4> g]0, tt[. 
The intersection of each section ac with the orbits gives us the generating function of 
cTc- For c g] — 1, 1[\{0} we obtain the generating function 



V ' tG]-l,l[\{0} 

c, t = 

and the relation between the generating function and ac is given by 



cos I 



0, t = 



For A = or c = we obtain the fundamental section of the homogenous space Y. 

Until now we only considered the factorization of the gyrogroup (i?",©). In order to 
incorporate rotations in our scheme we now extend the equivalence relation (fT3]) to the 
group Spin"'"(l,n) according to the group operation ([8|). It is easy to see that the direct 
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product {1} xL>g ~^ is a gyrogroup, where 1 is the identity rotation in Spin(n). Our goal is to 
define an equivalence relation ~^ on Spin(n) x which is an extension of the equivalence 
relation ~i on i?", such that the homogeneous space X = (Spin(n) x i?")/({l} x D^~^ , 
is isomorphic as a set to Spin(n) x Le„ . 

For (si,c), {s2,d) S Spin(n) x we define the equivalence relation ~^ by 



(si,c) ~^ {S2,d) <^ 3s3 G Spin(n), 36 G Le„, 3a,f eD 



1- 


-[(- 


-a)( 




Ba)]a 


Ml- 


-[{- 


-a)( 




Ba)]a| ' 










and 


1- 


-[{- 






5/)]/ 


|i- 


■[{- 






)/)]/! ' 



{S2,d) = (^S3| 

The equivalence relation Q reduces to 

(si,c) (S2,(i) 4^ 3s3 G Spin(n), 36 G 3a,/ G Z?^"^ : 

si = S2 A (c = 6©a A d = 6© /). (16) 

It is easy to see that the equivalence class associated to (si,c) is equal to {si} x [c], 
with [c] = 5*6 G and the quotient space is X = {{s} x : s G Spin(n), 6 G 

Le„} = Spin(n) x L^^. The group Spin"'"(l,n) acts on X according to ([8]) by the mapping 

g : Spin+(l,n) xX ^ X 
((si, a), {s2, [c])) ^ ( siS27^^ — S|a£2C ^ ^ (s^as2)] 

\ |l-S2aS2C| 

The space X will be the underlying homogeneous space for the construction of spherical 
continuous wavelet transforms. 



5 Lorentz Coherent States as Wavelets on 

The theory of square integrability of group representations on homogeneous spaces was 
developed in a series of papers [H [6] and applied for example in [14] for the case of the 
Weyl Heisenberg group and in ^5] for Gabor analysis on the unit sphere. The theory 
depends only on the homogeneous space, on the choice of a section and a quasi-invariant 
measure on the homogeneous space, and on the representation of the group. Therefore, 
the general approach also works in our case since we can obtain these terms in our case. 
We will still use the term square-integrability modulo {H,a), where H denotes only a 
gyro-subgroup because our homogeneous space X results from the factorization of a group 
by a gyro-subgroup. 

For the construction of a spherical continuous wavelet transform we need to define 
motions (rotations and translations) and dilations on Translations correspond to 

rotations of the homogeneous space Spin(n)/Spin(n — 1) and rotations can be realized 
as rotations around a certain axis on the sphere. Thus, both translations and rotations 
can be associated with the action of Spin(n) on S^~^. Dilations will arise from Mobius 
transformations of type ipaix). 
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For / G L'^{S^ ^,dS), where dS is the usual Lebesgue surface measure on 5" ^, we 
define the rotation and spherical dilation operators 

Rsf{x) = f{sxs), sGSpin(n) (17) 

and 

Dafix) = Q'j^lp ) ' f{v>-aix)), a G B\ (18) 

jY^l^pj is the Jacobian of if-a{x) on 5*^"^. Prom these operators we construct 
the representation U of Spin"'"(l,n) in L'^{S'^~^ , dS) defined by 



1 - \a\ 



n-l 
2 



U{s, a) fix) = RsDJix) = ^ f{^_a{sxs)). (19) 

\|1 — aaxsl"^ J 

Proposition 7 U{s, a) is a unitary representation of the group Spin"'"(l, n) in L'^{S^~^ ,dS). 

Proof: We need to prove that U{s,a) is a homomorphism of the group 
Spin"'"(l,re) onto the space of linear maps from the Hilbert space Lp'{S^~^,dS) onto it- 
self, with respect to the group operation ([8]). 

On the one hand we have 

U{si,a)(U{82,b)f(x)) = 

( l-\h? \^ I- I- . 

= -pi = i^Ti 7= 7= N yT f{ip-t(S2ip~a[SlXSi)S2)) 

(l-|ap)(l-|6|2) 



|1 — S2bs2a — (a + S2bs2)sixsi\ 
With .3 = SIS.^E^- 

We observe that 

\1 — b'S2'P-a{'SlXSl)S2f — \1 — S2b'S2{'SlXSl + a){l — OSlXSl)"^ f 

= |1 — asTxsip'^ll — asTxsi — S2b'S2{'sTxsi + a)\^ 
= |1 — asra;si|~^|l — S2b'S2Ci — (a + S2b'S2)'sTxsi\'^ . 

By ji), (121) and g| it follows 

(p-b{'S2(p-a{'sTxSl))s2) = (p-b{(p-s^as2){'S2'sTxSlS2) 

= qi'P-(b+s^aS2)(l-s^aS2b)-^(siS2XSlS2)qT 

= V5-<ji((35<is2)®6)qr(9i*i*22;siS2gr) 

where qi = ^4^^. 

\l-bs2as2\ 

On the other hand we have 

(l-|a|^)(l-|6|2) 



1 — S2bs2a — (a + S2bs2)sixsi\ 



.f{'fi-(be{-^as2))is:i^s:i)). 
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We note that 



. ^,2 , . ^,2 ( 1 " I ) (1 " I &P ) 



|1 — bs2as2\ 



and (by ©) 

|1 - (6© (s3'as2))33a;s3|^ = \1 - q2{b ® {'s^as2))q2'S2'sTxsiS2f 



2 



— |1 — (s2aS2 ffi 6) S2 STSS1S2I 

= |1 — 6s2as2p^|l — &S2fflS2 — (s2as2 + 6)s2 sr3;siS2|^ 
= |1 — bs2as2|~^|s2(l — 526520) — S2(a + 52&S2) sra;5ij^ 
= |1 — b's^as2\~^\l — S2b's2a — (a + S26S2) sTa;si|^, 

with 92 = 

\l~S2as2b\ 

Thus, U{si,a){U{s2,b)f{x)) = U{s3,b(B {'820-82)) f (x) , i.e. U{s,a) is a representation 
of Spin"'"(l,n) on L^(5"~^, dS). As the operators Rg and Da are unitary, so is the repre- 
sentation C/(s,a), i.e. \\U{s,a)f\\L2(s«-\ds) = \\f\\L^(S"-\dS)- 

m 

This representation can be decomposed via the Cartan decomposition of 
Spin"'"(l,n) giving rise to the well-known representations of the subgroups K = Spin(n) 
and A = Spin(l, 1) [34]. It belongs to the principal series of 50o(l,n), being irreducible 
on the space L'^{S'^~^). 

Following the general approach of [4] we will build a system of coherent states for the 
Lorentz group Spin"'"(l, n), indexed by points of the homogeneous space X. For each section 
cr on y = ~i) we will consider the parameter space = {{s,a{ten)),s G 

Spin(n),t e] — 1, 1[}. Thus, is a section on X and we now restrict our representation 
[/ to a given section W^. For the fundamental section W^q the representation U{s,ao) 
coincides with the representation used in [9]. To see this, we only need to make the 
equivalence of the dilation operators. We recall that the dilation operator defined in [9j is 

D^i;{u;) = X'/\u,4>)i^{uJi/u), 

n-l 



with uj = {ei,...,0n-2,(l)) G 5" , A(u,0) = ( ^(„2_i),„4+(^^+i)p J and = 

{{9i)u, {9n-2)u,4'u), with {9j)u = 6j, j = l...,n-2, and tan ^ = ntan|. 

Proposition 8 The dilation operators and Dte„ are equivalent, in the sense that they 
produce the same action on 5"^^. 

Proof: The Mobius transformation Lpte„ corresponds to the Spin(l, 1) action, which is 
the usual Euclidean dilation lifted on by inverse stereographic projection from the 

South Pole [12j. It remains to show that the weights of the dilation operators and 
Dte^ are equal. In fact, by the bijection between ] — 1,1[ and ]0,oo[ given by t = 
t G] — 1, 1[, u > we have 



|l-te„a;|2y \1 + 2 {ten, x) + J 1 1 1 o"^^ f u-i 

+ ^n+l-''" + \ n+1 



, 2 

u-l 



14 



4u \ / 4u 



2(u2 + 1) + 2(ii2 -l)xn) V [("^ - 1) cos + (u2 + 1)] 



Next, we construct a quasi-invariant measure on X. For that, we need first to construct 
a quasi-invariant measure on the homogeneous space Y = B'"'/{D^~^,'~^i) and, afterwards, 
to extend it to the homogeneous space X. 

First we observe that the measure d^{ten) = dt is a quasi-invariant measure 

on y = In fact, for all a G and b G Le„ such that a = s^^a^J^, with 

s=K = si . . . Sn-2 G Spin(n — 1) (c.f. Lemma H]) we have that —a ®h = (s*(— ®h = 
a* © (s7^s*))s7 = a=i, © 6)s7. Thus, the equivalence classes [—a © h] and [— a=K © h] 
are equal. Therefore, to prove the quasi-invariance of our measure we only need to consider 
the action of a = (0, . . . , 0, a„_i, a„) on 6 = ten G L^^. 

Letd- -a®b-ipa{b) - U, ...,U, ^_oa„t+\ayH:^ > i-2a.t4-iai^t^ • Applymg 



the projection formulas (fT2]) we obtain the new equivalence class, given by 

^ ^ ^ -2a4l + t2) + 2(l-a^_i + a^)t 

^/Ci{t)C2{t) + (1 + |a|2)(l + 12) _ 4ta„' 

with := (l-t)2a2_i + (l + i)2(l-a„)2 and C2(t) := (1 + t)2a2_i + (1 - t)2(l + 

Differentiating with respect to t we obtain 

2(l-t2)(l+a2_^-a2)(l-|a|2) 



Ci{t)C2{t) + ((1 + |a|2)(l + 12) _ 4a„t)v/Ci(t)C72(t) 
Therefore, the Radon-Nikodym derivative of a©6]) with respect to d^{h) is given 

by 

, _ _ {i-Ta{t)r-\i+tr 

For the special case of a = a„e„ G Le„ we obtain ^) = ( 1^°" ) • Since for each a 



we have that r^(t) > 0, for all t g] — 1, 1[ we conclude that ^) G I^^i for all a £ B"' 
and 6 G Le„, thus proving that the measure diJ,{b) is quasi-invariant. For h G L}{Le^) we 
have 

h{[aeb])dfi{b)= f hib)dfi{[-aeb])= f h{b)x{a,b)d^{b). 

The behavior of x(a, &) depends on the dimension. For n = 3 the function x(a5 &) is bounded 
in the variable 6, i.e. for each a G -B" there exists a constant M{a) = (|j_n"^4~^ ""^ £ 
R"*" such that x(a, 6) < M(a), for all 6 G Le„, since ^) is an increasing function of the 
variable 6, for each a / 0. Thus, a© 6]) < M(a) diJ,{b). For n > 3 this estimate is not 

valid since the function x('3^i b) is no longer bounded in b. 
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The measure d^{ten) is equivalent to the measure d^{u) = by means of the bijection 
given hy t = {u G and t s] — 1, 1[). A quasi-invariant measure for X is given by 

d^i{s,ten) = dtdfi{s), where d^i{s) is the invariant measure on Spin(n). 

The measure dfi{s, a{ten)) = x{'^{ten),ten)diJ,{s,ten) is the standard quasi-invariant 
measure for an arbitrary Borel section (see [4]). The quasi-invariant measure on a 
section is unique (up to equivalence), that is, if Hi and //2 are quasi-invariant measures 
on X then there is a Borel function /? : X — > M+, such that dfii{x) = [3{x)d^2{x)-, for 
all X G X. Thus, we will use the same measure for all Borel sections. To avoid questions 
of integrability we will restrict our attention only to continuous sections, that is sections 
a {ten) such that the generating function g is of class C(] — 1, 

Let N{n, I) be the number of all linearly independent homogeneous harmonic polyno- 
mials of degree I in n variables and {Y,^'^,M = 1, . . . ,N{n,l)}^Q be an orthonormal basis of 
spherical harmonics, i.e. < Yj'^^ ^Yjj'^ >^2(5n-i)= Su'Smm'- Thus, a function / G L'^{S"~^) 
has the Fourier expansion 

oo N{n,l) 

/(^) = E E Mmyi'^'ix), (20) 

1=0 M=l 

where f{l,M) :=< Y^^'^ , f >]^2(^gn-i^ are the Fourier coefficients of /. 

We will also make use of Wigner Z)— functions [9] which appear as the following trans- 
formation formula for spherical harmonics 

N{n,l) 

{R{s)Yi^){x) = Yi^'{sxs)= D[,M,{s)Yi^''{x), . e Spin(n) 

M'=l 



and satisfy the orthogonality relations 



1 



DMNi^)^M'N'is)dl^is) = " jJ ll'^MM'^NN'- (21) 
Spin{n) I\(n,l) 

Using the orthogonality of spherical harmonics and Wigner-D functions we can state 
the following admissibility condition (c.f. Theorem 4.2, [9]). 



Theorem 3 The representation U given in [W]) is square integrable modulo ({l}xD"„ ,~*) 
and the section if there exists a nonzero admissible vector ip G L'^{S'^~^, dS) satisfying 



M^Tn E / \i^aite„)il,M)\^dfiiten) <oo, (22) 

^ ' M=l -^-1 



um 



iformly in I, where ipa{te„){l, M) =<Yi , I?a(te,oV' >l2(5"-i) • 

In order to investigate the existence of admissible functions for a given section we 
will project the admissibility condition on the sphere to the tangent plane. The idea is to 
compare every global continuous section cr(te„) with the fundamental section do, since by 
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definition every section cr{ten) = ten® f {t)en-i is a Mobius deformation of the fundamental 
section. 

We consider the tangent plane of the sphere 5"""^ at the North Pole and we denote by 
$ the stereographic projection map <I> : W^~^ U {00} given by 

and <1>(0, . . . , 0, —1) = 00. The inverse mapping <1>~^ : M""^ U {00} S^~^ is given by 

\^+\v? 4+ |y|2' 4+ 

and ^>-i(oo) = (0, . . . , 0, -1). 

To perform the stereographic projection of ipa{x) we will use the Cayley transformation 
in W^. It is a conformal mapping from the unit ball i?" into the upper half space = 
{x G R"' : > 0} defined by y = (x + e„)(l + enx)~^. The stereographic projection $ can 
be rewriten in terms of the inverse of the Cayley transformation that is 

$(x) = 2{x - e„)(l - e„x)-i = f-^, . . . , 

V 1 + X„ l + Xn 

Theorem 4 The intertwining relation ^{ipa{x)) = ip{^{x)) holds, where (p{x) is the Mobius 
transformation in M""^ defined by the Vahlen matrix 



1 / 1 + a„ 2(—a + aner, 



y'l — |a|"^ V 2 J- — fln 

Proof: Solving the system of equations in order to u,v,w,z G r(n) we obtain: 

2 -2e„ \ /l -a \ _ / u v \ / 2 -2e^ 
-e„ 1 J \ a 1 J \ w z J \ -en 1 

-2Me„ + v = -2a - 2e„ I v ^ -2a - 2e„ + 2ue„ 
^ ^ 2ii; - ze„ = -e„ + a | u; = ~""+°+""" 

—2wen + z — 1 + e^a I z = 1 + e„a + 2we„ 



(23) 




In the resolution of the system we used the identities e^aen = — 2a„en + a and e„a + 
acn = —2an- After normalization we obtain the matrix (|23l) . which is in the Clifford group 
r(l,n + 1), by Theoremdl and thus, it represents a Mobius transformation in 

■ 

Now, we will consider the unitary stereographic projection operator 6 from ^^(5"""^, dS) 
into L'^{W^~^ ,r"'~'^dr dS^~'^) and we will find the stereographic mapping in R""^ that in- 
tertwines with the dilation operator Da- To distinguish functions from different spaces we 
will use the convention / G L2(5"~1) and F E L2(M""1). 



17 



Lemma 6 The map 9 : L'^{S''-\dS) ^^(M'^-i, r^-^dr defined by 

/(0i,...,0„_2,0)^m,---,^n-2,r) - (^J^) ' /(0i,...,0„_2,2arctan(r/2)) 
is a unitary map. In cartesian coordinates it reads as 



fix) ^ F{y) 



4 \ — 



Proof: By the change of variables = 2 arctan(r/2), that is, r = 2tan(0/2) 

2a /tt^^^^ we have 
y i+cos (f> 



(24) 



JO 



4 \ ~ 



4 + 



/(ei,...,e„_2,2arctan(r/2)) 



1/(^1,. ..,^„_2,</')rsin"-^(/>#d5^ 

2 

L2(5n-i,d5)- 



n-2 



Theorem 5 Lei y G M" -"^j and (/^(y) := ^^^^^^ &e i/ie Mobius transformation obtained 



2(-a+ane„) 



from the matrix ^2$, with ci = )+°" ^ , ca = T'^'S C3 - ^ /— ^ 

-y/l-|a|^ yl-l'^l 2yi-|a| 

T/ien we /ia?;e i/ie intertwining relation 



l-a„ 



(25) 



where MF{y) - I Ml^Hf) 



n-l 
2 



|-(a-ane„)i]+2(i+a„)p j ^ iv)) Unitary operator associated 

Proof: By definition we have 

4 / 1- lap ■ 



and 



4(1 -kf 



^(^_,(a>r^(y))) 



(26) 



I - (a - a„e„)2/ + 2(1 + a„)|2 y V4 + \^~HyW 



First we observe that 



ip.a{<^-Hy)) = ^-\ip'\y)), Vy G 



pn— 1 



^(*r'(^"'(y))). (27) 



(2J 



If if-a{^~^{y)) = X e S"-"^ then y = <^(99a(x)). Moreover, if <I>"^((^"^(y)) = x, then 
y = ^(^>(x)). Since the relation ^{ipa{x)) = ip{^{x)) holds (Theorem |4| we conclude that 
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the relation (|28|1 is true. It remains to prove that the weights in (|26]l and (j27l) are equal. 
On the one hand, 

4 1-laP 4 1-laP 



4 + |1 - a<i>-i(y)P 4 + 1 + 2 (a, $-1(2/)) + |a|2 

4(1 -lap) 



(1 + |a|2)(4 + |y|2) + 2a„(4 - |yP) + 8((a, y) - a„y„) ' 



On the other hand, since 



.|2 ^ |c4y-C2p ^ (1 - an)^|yP + 4(1 - a„)((a, - a„t/„) + 4(|ap - a^) 
|-C3y + ciP (|a|2-a2)|y|2+4(l + a„)((a,2/)-a„2/„) + 4(l + a„)2 

and 

I - (a - a„e„)2/ + 2(1 + a„)|2 = (|a|2 - a^)|y|2 + 4(1 + a„)((a, y) - + 4(1 + a„)2 

we obtain, after some computations 

4(1 -lap) 4 

I - (a - a„e„)y + 2(1 + a„)|2 4 + |^-i(y)P 

4(1 -lap) 



(1 + |aP)(4 + |j/P) + 2a„(4 - |y|2) + 8({a,y) - a^y^) ' 

Thus, the result follows. 



The group SL2{T{n) U {0}) admits an Iwasawa decomposition similar to the decompo- 
sition of the group SL2{C). The Iwasawa decomposition of a generic element of S'L2(r(n)U 
{0}) is 

u v\ (a (3 \ ( 5-1/2 \ / 1 ^ 



w z 



a J\ 51/2 J \ 1 
where a, /3, ^ G T{n) U {0} and 5 £R+, uz* - vw* = 1 and 

5 = (|u|2 + |u;|2)-i, a = u5i/2, /5 = -iz;5V2^ 

^ = u~i(f + in(5), if u / or ^ = w^^{z — u6), if w ^ 0. 
The Iwasawa decomposition of the matrix [23] yields the parameters 



(29) 



2(1 + 

a = — , p — 



V4(l + a„)2 + |a|2-a2 ' ^ ^4(1 + a„)2 + |a|2 - ' 

^ 4(1 - lap) ^ 2(-a + a„en)(5 + 3an) 

4(l + a„)2 + |aP-a2' ^ 4(1 + a„)2 + j^p _ ^2 • i-^U) 

Departing from the Iwasawa decomposition with parameters ((30]) we define the follow- 
ing unitary operators on L'^{W^~^) : 

n-l 
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I)^F(y) = (|j ; T^F{y) = Fiy + 0- 

As these mappings are isometries whose ranges include the whole space L^(]R"~^) the 
adjoint and inverse operators are identical. 

Lemma 7 The adjoint operators to i?"'^, and are given by 

(i?"''^)* = {D^y = DK and (T^)* = T^^. (31) 

Proposition 9 The operator M admits the following factorization 

MF = R'^-I^D-sT-^F. (32) 

Proof: We have 



n-l 



' - (a - a„en)y + 2(1 + a„)|^y 



and 



n-l 



First we prove the equality between arguments. On the one hand, 

r\y) 



C4y-C2 _ 2(1 - an)y - 4:{- a + QnCn) 



-c^y + ci (-a + anen)y + 2(1 + a„) ' 
On the other hand, 

^ay-13 {5a - I3i)y - {5[5 + ai) 2(1 - a„)y - 4(-a + a^en) 

^ ? ~ ~ 



I3y + a I3y + a {-a + anen)y + 2(1 + 



^ n-l 

Finally, since ( I — ^-rr) ^ = ( i — ? ^^^^^"'}Ji , — rra-) ^ we have the desired factorization 



Corollary 2 T/ie intertwining relation I125\) can be written as 

ODa^ = R^^-^D-sT-^Qi). (33) 

Corollary 3 For a = tCn G ie„ (restriction to the Spin{l,l) case) we obtain the well- 
known intertwining relation 

GAe.V' = DT^e^p. (34) 
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Relation (f33l) is the generalization of relation JMI- The first case correspond to 
the isotropic case of Antoine and vandergheynst and the second case correspond to the 
anisotropic case, for a G B'^\Le„. 

For an arbitrary global left section a (ten) = ten ® g(t)en-i (flSl) . the parameters (f3Ql) 
become 

2{1 + tgm 



at 



V(l+t2+6%(t)2+4(l + t2g(t)4)' 



(1-^).9W _ 

v/(l + <2 + 6i)ffW'+4(l+t25(t)4)^" 

4(l-t)(l-ffftn(l + tW) 
* + 1)((1 + t2 + 6t).9(t)2 + 4(1 + t^git)'^)) ' 

^ 2(t-l)g(t)((5t2 + 3t).9(t)2 + 3t + 5) 
^* (i + l)((l + i2 + 6t).g(t)2 + 4(l + t2g(t)4)) 

When g{t) = 0, (restriction to the fundamental section - Spin(l,l) case) we obtain 
a = l, /3 = 0, ^ = and 6 = j^, which reflects again the fact that we obtain a pure 
dilation. 

Lemma 8 The parameter St can be written as a deformation of the pure dilation parame- 
ter, i.e. St = ]^St, with St = (^i_^_^^^_^Qf^g^(^tj^]^A{i+t^g\t)^ ' '^^'^ where St satisfies the estimate 
< < l^i^y for allt 

Proof: As g{t) g] — 1,1[, for every t £] ~ 1,1[, the study of the behavior of the 
parameter S^ is equivalent to the study of the behavior of the function of two variables 
h{t, A) = (i^fij^ii^);,ij^4(i^ii;,4) , with t, A g] - 1, 1[. Since for each A g] - 1, 1[ 

1-A2 l-A^ 



<Ht,^)<-r-^A 77, VtG]-l,l[ 



we conclude that 



Therefore, 



1 + A2 " ' ' ^ 1 + A4 - A2 

0<5?<4^^^, VtG]-l,l[. 

m 

Now, we will prove the main theorem of this paper concerning the square-integrability 
of the representation U over an arbitrary continuous section Wcr- 

Theorem 6 Let -0 G L'^{S'^^^) such that the family {RsDte„ip, s G Spin(n), t g] — 1, 1[} is 
a continuous frame, that is, there exist constants < A < B < oo such that 

A\\f\\^<[ [' \{f,RsDte„i;)\^dfi{ten)dfi{s)<B\\f\\^ yfeL\S'^~^). (36) 

JSpm(n) J -I 
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Then ip is an admissible function for any continuous section and the system {RsD^(j^f,^'^il), s E 
Spin(n),t s] — 1, 1[} is also a continuous frame. 



Proof: For every a G -B" and / G Lp'{S'^ ^) arbitrary we have 

2 



JSp\n(n) J -I 



diJ,{ten)dn{s) 



{Rsf,Da1p)L2(^S-^) dfl{ten)dfi{s) 

Spin(n) J — 1 ' 
1 2 

{@Rsf,@Da^p) ^2(f,2) dn{ten)dn{s) (by Lemma [6|) 



= / / (eRsf,R''^-^D^T-^ei) 

^Spin(n) J-1 \ 

/ / (eRsf,R'''~^T--sD-se 

JSpin(n) J -I ^ 
Jsnm(n) J-1 ^ 



L2(M"-1) 
2 

L2(R"-i) 



dfi{ten)dfiis) (by ([33])) 
dfi{ten)dfj,{s) 



L2(R"-i) 



dfi{ten)dfi{s) (by dll) 



(37) 



Now we consider a = cr^ten) and the parameters (f35ll . By Lemma [8l the integral ((3^ 
becomes 



f f /D^^T^R°''f^'eRsf,D^e'il\ 

Jspin(n) J-1 \ I 



'Spin(n) J — 1 

For each s E Spin(n) and t g] — 1, 1[ we have 



L2(R"-i) 



dfj,{ten)dfj,{s). (38) 



D''' i?"' e7?s /, DT^I ev- 



< sup 

t'e]-i,i[ 



and 



inf 

t'el-i,i[ 



Let ti,t2 G such that 



«t2 



and 



22 



Thus, we obtain 



iSpin(n) 



L2(Kn-l) 



Spin{n) J — 1 



I f 

^Spm(n) J-1 



dfj,{ten)dii{s) < 
dfi{ten)dfi{s) < 
dfi{ten)dfi{s). 



L2(]Rn-l) 



Since for t G [—1 + e, 1 — e], e > 0, the operators D^t ^ T^t and i?"*'^* are unitary 
and bijective mappings we only need to study the case of i — > ±1. In this case, the 

f it 
parameter |^ associated to the operator T** can become infinity. But, it is easy to see 

St 

that the composition of the operators * and T** is well behaved. Thus, for each / G 
L2(5"-1) we can find /i,/2 G L^S""-^) such that D^'iT'h R'^hA,qji_ f = QR^f^ and 

^<5*2r**2 R'^H'PHQR^f = eRjf2 with ii/iii = 11/2II = 

Therefore, we have 



Spin(n) J — 1 



eRsfi,DT^ei; 



L2(M"-i) 



iSpin(n) J-1 \ / L2(R"-i 

/ /' 

iSpinfn) J-1 



L2(IR"-i) 



dfi{ten)dfj.{s) < 
dfi{ten)dfj.{s) < 
dfj.{ten)dfi{s). 



(39) 



By (f33]l . (i37|l . and Lemma El condition (f39ll becomes 



L2(5n-1) 



dfi{ten)dfj,{s) < 



[ C ifuRsDte^i;) 

JSpin(n) J-1 

f [ {f,RsD„(^t^^)il)) dfi{ten)dfi{s) < 

JSmn(n) J-1 ^ ' 



Spin(ra) J — 1 



(/2, Ae„0V')L2(5n-i) dn{ten)dfl{s). 



(40) 



As, by hypothesis, ip satisfies condition ((36]) there exist constants < A < B < 00 
such that 

^ll/ilP < / /' I (/,^sl?.(te„)^> |'d^(te„)d^(s) < i?||/2||2, V/ G l2(5"-1), 

./Spin(n) J— 1 

and so, since ||/i|| = II/2II = ||/||, the result holds. 
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As a consequence of this theorem we conclude that there exists ip S L^(S'"~^) such 
that the condition ([22]) is satisfied. 

For an arbitrary section W„ and an admissible function ip G L'^{S^~^) we define the 
generalized spherical CWT 

W^[f]is,a{ten)) = {RsD^^,,^^^l^,f)= [ RsD^^,,^)^{x)f{x)dS. (41) 

For each section a and each function 7^ we define an operator At by 

(Atf, f)= [ f \ (/, i?.I)<.(te„)V'> \''d^x{ten)d^l{s). 

^ ' JSpm(n) J-1 

It is a Fourier multipher given by Ath{l,M) = Cf{l)h{l,M), with 

^ M=l -^^^ 

By Theorem [6l for an admissible wavelet the operator Aa- is bounded with bounded 
inverse, since there exist constants < Ci < C2 < cxd such that Ci < Cf{l) < C2. 

The wavelet transform (l4T]l is a mapping from L'^{S"'~^ , dS) to L^(Spin(n) x a{ten), 
diJ,{s)dfi{ten))- Moreover, there exists a reconstruction formula and also a Plancherel The- 
orem. 

Proposition 10 Let f G L^(S'"^^). If ip is an admissible wavelet then 

f{x)= f [ W^^[/](s,a(te„))[i?,(4r'^<x{te„)V'](x)d^(5)(i/.(teJ. (42) 

J~l JSpin(n) 

Proof: Let V'a(te„) := ^a(te„)V'- Then we have 

The wavelet coefficients W^[f]{s, a{ten)) defined in (|4T]) may be written as 

[f]{s, aiten)) = Y.Y1 E^W(^)V^<x{te„)(Z,M)/(/, N). (44) 

ZeN M N 

Inserting expressions ([43]l and ([44ll in (|42]) and using the orthogonality relation for Wigner 



24 



D— functions, we obtain 

r-l 



W^[f]is, aiten))[RsiAt)-^D,(^te^)^]ix) d^l{s) d^(te, 

/ / E E E ^U(s)v^.(te„)(^M)7G, iv) 

■J-l JSpin(n) »,r i\r 



;'eN M' w '-'cr (' ) 

= EE E/ ^^G,w,(*,„)(/',M')dAi(te„) 7G,iv)y;r(x) 

/ i>M]v(s)^M'W'(s)dM(s) 

(-^cr \f' ) Spin(n) 

= EE/(''^)^''(^) 

/SN N 



{bym) 



Corollary 4 For an admissible wavelet tp the following Plancherel relation is satisfied 

' - ' / W4f]{s,a{ten))W4f]{s,a{ten))dfiis)dfi{ten) (45) 

1 J Spin(n) 



with 



As a consequence of Theorem [6l every admissible function for the fundamental section 
is also an admissible function for any global continuous section W^- We propose the 
following definition for the new wavelets arising from the action of the conformal group. 

Definition 4 For a given global continuous section and an admissible ijj G L^(5"~^) 
the wavelets (or system of coherent states) obtained as 

V'(s,a(ie„))(a;) := U{s,a{ten))'4}{x) = RsD„(^te„)i', s e Spin(n), t g] - 1,1[ 
are called spherical conformlets. 

6 Anisotropy and covariance of the generalized SCWT 

The generalized spherical CWT depends on the chosen section, where the pure dilation 
operator is replaced by an anisotropic dilation operator varying continuously from scale to 
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scale. One essential question is to understand what kind of dilations are obtained when the 
Mobius transformation ^pte„ {x) is replaced by a Mobius transformation ^a{ten)(x) - The study 
made in [12] of the influence of the parameter a G B"^ on a given spherical cap centered at 
the North Pole allow us to understand the local character of anisotropic dilations. By the 
Unique Decomposition Theorem (Theorem [2]) we obtain the following factorization of the 
dilation operator Dc-, for each c G B^. 

Proposition 11 Let c G B"- such that c = b® a, with a G D^^^ and b G Le„- Then 

DJix) = DbDaRJix), with g = l^^. (47) 
Proof: On the one hand we have, 



n-1 
2 



DJ{x) = Db^afix) = ( |^^_ }l^^^Li2 ) f{^-b®a{x)) 



n-1 

IA|2^ \ — 



\1 — ab — {a + b)x\ 



As -(pa{x) = (p-a{-x) then -b ® a = -Lp^b{a) = (pb{-a) = (-6) © (-a). 
Moreover, by ([2]) we have that (f-a ° f~b{x) = q(p(^b)ei{~a){x)q, with q = ^\Zab\ ' 
thus 

(p-b(Ba{x) = q{(p-a{^~b{x)))q. (48) 

Therefore, we have 



n-1 

2 



1 _ |5|2 I _ |q|2 

DbDaRJix) = ( |i_^^|2|l_^^_^(^)|2 ) m^-a{V-^{x))q) 



2 



n-1 

1 — a6 — (a + 6)2;P 



/(v'-bea(a:)), by 



By ([47ll we conclude that the operator DaRq express the anisotropy character of the 
dilation. 

Definition 5 We define the anisotropy of a section a{ten) = ten ® g(t)en-i as 

^3 ■= \\Dg{t)e,^-,Rq{t) - I\\dt. (49) 

Since the operators Dg(iy^_^ and Rq{t) ^ire unitary we have an upper bound for our 
anisotropy, < < 4. The concept of anisotropy has an important meaning, however, 
it is very difficult to compute the quantity eg. For that reason we propose an alternative 
definition using the generating function of the section a{ten)- 
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Definition 6 The p-deviation of the global continuous section cr{ten) is given by 

^*g,p ■= J I k(ie„) - tenW^dt, 1 < p < oo 
while we define the infinity deviation as e*g ^ := sup ||o"(fe„) — ien||. 

Proposition 12 The p— deviation of a (ten) is given by 



and the infinity deviation is given by e* ^ := sup ^ 



For instance, for the sections (T\{ten) defined in Section |4] we obtain 
:= lAI^' { -AZ^]\t, (e.g. el, = |A|(2A^ in(A+v^)-Avm^+in(A+vm^) ) 



-1 VVl + t2A2 

^Aoo ~ l-^l' while for the sections <7c(0) we obtain e* := |cP / sin^i;^(i(/) (e.g. e* ^ = 2|c|) 

JO 

and e*^^ = |c|. 

The question of covariance of the spherical CWT (|4T]) under rotations and dilations 
is very important. In the flat case, the usual n— dimensional CWT is fully covariant 
with respect to translations, rotations, and dilations, and this property is essential for 
applications, in particular, the covariance under translations. In fact, covariance is a 
general feature of all coherent state systems directly derived from a square integrable 
representation [3]. However, when the representation is only square integrable over a 
quotient of the group then no general theorem is available. In the case of conformlets the 
results are the following: 

• The spherical CWT (j4T]) is covariant under rotations on 5"~^ : for any si G Spin(n), 
the transform of the rotated signal /(sTxsi) is the function W^[/](sTs, a(ten)). 



• The spherical CWT (|4T|1 is not covariant under dilations. The wavelet transform of 
the dilated signal £)o-(tie„)/(3;), is of the form 
W^[/](s, {sa{tien)s) © (— (T(te„))) as we can see by direct calculations. 

In fact, if we consider the change of variables Lp-b{x) = y (<;4> x = ipb{y)), with dSx = 

(jTTw) '^^y obtain 
W4Dbf]{s,a) = 

^ ' ^Piip-aisxs)) ( ^^^) ' f{^.,ix))dS,, 



1 — asxsp / \ |1 — 6a; 
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n-1 

= Wv;[/](s,(s6s)e (-a)), VseSpin(n), ^a,b&B''. 

As in general (s(T(iien)s) © (— C7(ie„)) is not an element of the section a{ten), covariance 
under dilation does not hold. This is a consequence of the parameter space not being a 
group and is a general feature of coherent systems based on homogeneous spaces. For 
applications, of course, it is the covariance under rotations that is essential. 
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